Dark energy and dark matter are two of the biggest mysteries of modern cosmology, and our understanding of their fundamental nature is incomplete. Many parameterizations of couplings between the two in the continuity equation have been studied in the literature, and observational data from the growth of perturbations can constrain these parameterizations. Dark matter and dark energy interact gravitationally , so they should at least be coupled via the graviton. Assuming standard general relativity with no explicit coupling between dark energy and dark matter fields in the Lagrangian, we use the Boltzmann transport equation to analytically calculate the gravitational interaction in the continuity equation and compare it to a typical parametrization. We arrive at a comparably very small result, as expected. Since the interaction is a function of the dark matter mass, observational data can be used to constrain it. This calculation can be modified to account for explicit couplings in the dark energy and dark matter fields. This calculation required obtaining a distribution function for dark energy that leads to an equation of state parameter that is negative, which neither Bose-Einstein nor Fermi-Dirac statistics can supply. Treating dark energy as a quantum scalar field, we use adiabatic subtraction to obtain a finite analytic approximation for its distribution function that assumes the FLRW metric and nothing more.
Introduction
The fundamental nature of dark matter and dark energy and how they might interact with each and the Standard Model is uncertain. However, interaction between dark matter and dark energy can be constrained with observational data. Usually, an ad hoc parametrization for an interaction between dark energy (DE) and dark matter (DM) as perfect fluids is assumed since we don't know of any fundamental coupling between them. If conservation of energy-momentum implies the continuity equation:
where ρ is the energy density, p is the pressure, and H is the Hubble parameter, and the sum is over the DE and DM components of the universe for late cosmological times since they dominate. If there is an interaction between DE and DM, we would havė
Different parameterizations for Q have been widely studied in the literature [1] [2] [3] [4] [5] [6] [7] , and they are usually convenient choices that allow for analytic solutions of Friedman's equations.
Most standard treatments in the literature assume Q = 0, but we argue that there must be at least a minimal gravitational interaction between DE and DM.
Dark energy and dark matter must interact at least gravitationally, as all terms in an action are coupled at least through √ −g, which is a part of the measure of the integral in the expression for the action. For example, if one lets the scalar field φ represent DE and the scalar field ψ represent DM, the action for late times in which DE and DM dominate is In this work, we assume the FLRW metric ds 2 = −dt 2 + a(t) 2 (dx 2 + dy 2 + dz 2 ), and we assume = c = k B = 1.
Distribution Function for Dark Energy
Because dark energy must have a negative pressure, its distribution function cannot be the Bose-Einstein or Fermi-Dirac one because both of these result in positive pressure according to the statistical mechanics expression for pressure,
where a is the scale factor from the FLRW metric and f (k) is the distribution function.
The local momentum k is defined as the scale factor a(t) times the proper momentum.
We use the definitions for stress-energy components according to [8] , which account for the curvature of FLRW space since the negative pressure of dark energy is a large-scale effect, and we quantize the field below with this in mind as well.
Perhaps the true fundamental particle theory of dark energy (if there is one) would provide us with the true distribution function for dark energy, but until such a theory is obtained, we will using the method that follows. To derive a suitable distribution function for scalar-field dark energy, we find the vacuum expectation value of the energy density from the stress-energy tensor in Einstein's equation and equate it with the expression for the energy density,
to obtain a distribution function f φ for the dark energy scalar field φ.
Assuming a perfect fluid model for dark energy that may be non-minimally coupled to the metric via the coupling ξ, the stress-energy tensor component for the energy density is
where · denotes a derivative with respect to the t coordinate of the metric. We use V (φ) = 1 2 m 2 φ 2 , which is compatible with w ≤ −1/3 for late cosmological times [9] . In order to find the expectation value of T 00 , we must quantize the field [10, 17] :
where
Using Eqs. (7) and (8) with Eq. (6), we obtain
To render this expectation value finite, we regularize and renormalize it via adiabatic subtraction. Minimizing the action in Eq. (3) with respect to φ results in the equation of
which assumes that the DM field ψ and the DE field φ are not dependent on each other since the equation is equivalent to the second part of Eq. (2) with Q = 0, and this is approximately correct since we will consider the cross section between DM and DE via the graviton, which is small as we will see. And for any direct coupling between DE and DM in the Lagrangian, one can treat the interaction term in the Lagrangian as perturbative so that Eq. (10) is at least still valid at 0th order. Substituting Eq. (7) into Eq. (10), one gets a perturbative solution in adiabatic orders (i.e., orders of derivative of the metric, where a new derivative introduces an extra factor of time coordinate T in the denominator) [10] :
where W has non-zero terms for even adiabatic order only, and W in the equation is given to 2nth adiabatic order. W can be found iteratively order by order from the relation
Using Eq. (11) in Eq. (9) and equating Eq. (9) with Eq. (5) (a similar process to what is done in [11] ), we find that the distribution function for the DE field φ is
The method of adiabatic subtraction [10] says that for a given quantity A, the physical,
For a slowly varying (i.e., adiabatic) FLRW spacetime, each term in adiabatic order contributes less than the previous term in adiabatic order. So for a given quantity A, we can approximate by truncating the infinite sum to some sufficiently high adiabatic order. It turns out that our calculation involving the Boltzmann equation for the interaction term Q will result in divergent terms for 6th adiabatic order and lower; we truncate our expression to 8th order. We can express each of the terms in Eq. (13) as a sum of adiabatic orders, accordingly:
Expressions for these quantities up to 8th order and other important expressions perti- eV and ξ = 0.176. If we choose a phantom value of w φ = −1.2, a value that is still observationally plausible [9] , we obtain m = 7.62 × 10 −54 eV and ξ = −0.194. A more precise approach, especially in light of the interaction between DE and DM, would involve a global fit for m and ξ along with all other parameters which may or may not assume a constant w φ , but since we expect the exchange between DE and DM to be small (and since doing a rigorous numerical fit to data is not the purpose of this work), we use these values in our final analysis.
Calculating Q
The Liouville operator in FLRW space applied to the DM distribution function f ψ is [13] 
where C(f ψ ) is the collision term, and f ψ is given by the Bose-Einstein distribution function since DM is assumed to be a scalar field:
Technically, the use of the Bose-Einstein distribution is only valid assuming there is no interaction, and we could be more precise by using cosmological perturbation theory to get a first-order correction to the distribution function for dark matter. However, the collision term we consider will end up being very small, so using the Bose-Einstein distribution here is valid. Also, the collision term is for local interactions, so we use the local definitions of the stress-energy components and the Bose-Einstein distribution function, according to [13, 14] . This is appropriate also because we will consider a graviton-mediated interaction due to a perturbation around a Minkowski background metric. We will still utilize our distribution function for dark energy derived using the large-scale definitions of the stressenergy components out of necessity. In theory, one could consider the calculation of a general collision term from an S-matrix in curved space [15] on large scales, but this is not necessary for our purposes here.
Applying d 3 k (2π) 3 to both sides of Eq. (15), we obtain
where we have used
Using the number density expression,
and integrating the second term on the lefthand side by parts (the boundary term goes to 0 since f ψ → 0 at infinity), we get the typical form of the Boltzmann equation:
where we have defined B for brevity's sake. We will consider the interaction ψ 1 ψ 2 ↔ φ 3 φ 4 via the exchange of a graviton (assuming in Eq. (3) that V (ψ) = 1 2 M 2 ψ 2 + any higher-order terms which we will ignore). Including the interaction's symmetry factor of 1/2, B is given by [13, 14] 
which assumes the symmetry of M 12→34 = M 34→12 and neglects the terms that have three factors of f since these terms are comparatively small.
Since ρ = n E , we can rewrite Eq. (19) aṡ
and
Sinceρ ψ + 3H(ρ ψ + p ψ ) = Q from Eq. (2) and p ψ ≈ 0 since we are dealing with cold dark matter, we see from Eq. (21) that
Also, for cold (i.e., non-relativistic) dark matter, E ψ = M [14] , so we can express Q as
Alternatively, we can multiply both sides of Eq. (15) by √ k 2 + M 2 , apply d 3 k (2π) 3 to both sides, and integrate by parts the second term on the lefthand side, and we would obtaiṅ
From this, we have a general expression for the interaction Q between any two perfect fluids.
However, Eq. (25) is more convenient to use in our case, and we use it in what follows.
The Lorentz invariant scattering amplitude for tree-level graviton exchange between two scalar fields that appears in B is [16] 
Assuming the DM mass is bigger than the DE mass (M > m), and working in the center-of-mass frame, we can reduce the
where the bounds of the integral apply for both k 3 and k 4 , A(k) ≡ 1 
In Eq. (28), the 1 − M 2 k 2 3 +m 2 factor and the log term of A are troublesome with regard to obtaining a general analytic result when integrating Eq. (28) over k 3 . However, the factor and log term go to 0 at the lower bound of the integral, and at the upper bound, the factor goes to 1 and the log term goes to 0. The log term also gives the smallest contribution compared to the other parts in A that are powers of k. Therefore, we approximate Eq. (28) by letting the factor be 1 and the log term be 0 in the integrand.
In Eq. (29), the 1 − m 2 k 2 1 +M 2 factor is similarly troublesome, along with the log term of A. For the integral's upper bound (i.e., in the limit as k 1 → ∞), the troublesome factor goes to 1, the distribution function becomes the Maxwell-Boltzmann distribution, and the log term goes to 0. Therefore, we approximate Eq. (29) by breaking up the k 1 integral into parts, integrating the unaltered k 1 integrand from 0 to M and then letting the troublesome factor be 1 and the log term be 0 and the distribution function be e −k/T for the k 1 integral from M to ∞.
Putting all of this together, we arrive at a finite expression for Q as a function of a(t), m, M , ξ, and χ that is too long to display with any utility. However, we plot in Figs. (1) and ( Many seemingly ad hoc parametrizations are used in the literature to model the interaction between dark energy and dark matter since we do not know the interaction between them on a fundamental level. At the very least, dark matter and dark energy should interact gravitationally. In this work, we have used adiabatic subtraction to obtain a finite analytic expression for the distribution function for dark energy, which obeys neither Bose-Einstein nor Fermi-Dirac statistics. Using this distribution function in the Boltzmann transport equation, we analytically calculate the interaction Q due to the tree-level 2-to-2 scattering via the graviton between dark energy and dark matter. The interaction is very small compared to typical interaction found in the literature, which is expected.
For future work, we plan to study this gravitational coupling as well as explicit field couplings between dark energy and dark matter and constrain the dark matter mass with a more accurate framework of a global fit to growth of perturbations and other data.
